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Microwave  dielectric  ceramics  are  pillar  materials  in  the  microwave  applications,  for  example,  resonators.
However,  because  most  ceramics  possess  non-zero  temperature  coefficients,  two  or  more  ceramics,  with
temperature  coefficient  of opposite  signs,  are always  mixed  as  a multiple  phase  system  to  obtain  a  zero
vailable  online xxx

eywords:
lassical dispersion theory

temperature  coefficient  ceramic.  While  the  dielectric  constant  can  be  calculated  by  the  Maxwell-Wagner
based  formula,  the quality  factor  (Q)  is  usually  hard  to be  precisely  calculated  by  the  conventional  method.
In  this  paper,  basing  on  the classical  dispersion  theory,  we  derive  a  new  formula  for  the  Q  calculation  for
the  ceramic  mixtures.  The  deviation  between  the  calculated  and  reported  Q, of  several  typical  ceramic
systems,  is around  ±5%, for  the  example  of  two  phases  ceramic  mixtures.
axwell-Wagner  formula

uality  factor

. Introduction

Microwave dielectric ceramics have been widely utilized in
icrowave applications, for example, resonators, because of their

igh dielectric constant (εr) and high quality factor (Q) [1–6].
ielectric constant of εr can result in the size of devices being εr1/2

imes smaller; high quality factor (Q), which is approximately the
eciprocal of the dielectric loss (tanı), represents low energy loss
nd precise frequency selection [1,2,4].

In practice, ceramics are always needed to be mixed to form mul-
iphase mixtures to stabilize the work frequency, in other words, to
btain a ceramic with a zero temperature coefficient at the resonant
requency [2,7–13]. While the composites’ dielectric constant can
e well predicted by the Maxwell-Wagner formula, the issue of the
uality factor calculation has not been well solved yet [3,14–16].
raditionally, the quality factor (Q) is estimated by:

−1 =
n∑

i=1

ViQ
−1
i
, (1)

n  which n corresponds to the number of ceramics to be mixed,

i is the volume molar ratio of the i-th ceramic,
n∑

i=1

Vi = 1, and Qi
Please cite this article in press as: H. Chen, et al., A novel formula f
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s the quality factor of the i-th ceramic [15,17]. The equation only
onsiders all starting materials’ Q, and it shows a simple superpo-
ition relationship. The actually reported results show other kinds
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of variation curves [15,16]. The deviation between the Eq. (1) cal-
culated and actually measured results is large, for example, in Refs.
[15] and [16].

In  this paper, based on the definition of dielectric loss in the
classical dispersion theory, we  will derive the total dielectric loss
(Q−1) of the multiphase ceramic mixtures. After that, we  apply the
formula to calculate the quality factor of ceramic mixtures and com-
pare them to the reported results. Relative deviation also will be
given to confirm the effectiveness of the new formula.

2.  Theory

In the classical dispersion theory, the complex dielectric con-
stant of one ceramic is in the form of:

ε = ε′ + iε
′′
, (2)

in  which,

ε′ = ε∞ +
∑

j

4��j�
2
j

�2
j

− �2

(�2
j

− �2)
2 + �2

j
�2
, (3)

ε
′′ =

∑

j

4��j�
2
j

�j�

(�2
j

− �2)
2 + �2

j
�2
, (4)
or the quality factor calculation for the multiphase microwave
0.1016/j.jeurceramsoc.2017.04.006

where  ε∞ is the permittivity caused by electronic polarization, 4�rj
is the strength of the oscillator, �j is phonon damping factor, vj
is the phonon eigen frequency and v is the measured microwave
frequency (v << vj , so vj − v ≈ vj), and i2 = −1 [1]. The dielectric loss
of the ceramic is defined as [1]:

dx.doi.org/10.1016/j.jeurceramsoc.2017.04.006
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Fig. 1. The relative quality factor versus dielectric constant ratio, die
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an ı = ε

ε′ ≈ j

ε∞ +
∑

j

4��j

. (5)
 loss ratio and volume molar ratio: (a). k = −1; (b). k = 1 and (c). k = 4.

Similarly, when mixing two  or more ceramics as a multiphase
material system, we assume that the total dielectric loss shows the
or the quality factor calculation for the multiphase microwave
10.1016/j.jeurceramsoc.2017.04.006

same format as Eq. (5), determined by the ratio between the total
imaginary and the total real parts of the dielectric constant of the
mixture. In the following, we will write the i-th real part of the
complex dielectric constant, εi

′ as dielectric constant εri for sim-

dx.doi.org/10.1016/j.jeurceramsoc.2017.04.006
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As discussed above, the quality factor is determined by parame-
ters, V, RQ12, Rεr21 and k. The k value could be negative and positive,
small and large. For a given mixing system, there is only one k.
ARTICLEECS-11179; No. of Pages 6
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licity. The real part of the dielectric constant of the mixture could
e predicted by the Maxwell-Wagner formula [14,15]:

r = (
n∑

i=1

Viε
k
ri)

1/k

(6)

here  εri is the dielectric constant of the i-th ceramic, and k can be
etermined by the experimental results. In the experimental part,
e will show how to obtain the k value of a mixture. From Eq. (5), [1]

laims that the tanı is linearly frequency dependent for a ceramic
nd the claim has been widely accepted [1]. In other words, the
maginary part of the dielectric constant of the multiphase ceramics
lso obey Eq. (6). Therefore, the dielectric loss of the mixture can
e obtained from Eqs. (5) and (6). After some algebra steps, we can
et the total dielectric loss:

ankı =

n∑

i=1

Viε
k
ri

tankıi

n∑

i=1

Viε
k
ri

(7)

n  which tanıi is the dielectric loss of the i-th ceramic. In practice,
eople would like to use quality factor,

−1 = tanı (8)

in  which Q is the quality factor of a ceramic. So we  write Eq. (7)
n terms of Q:

−k =

n∑

i=1

ViQ
−k
i
εk
ri

n∑

i=1

Viε
k
ri

. (9)

n  this equation, the quality factor of the mixture (Q) actually
epends not only on the quality factor (Qi) of each ceramic, but
lso the dielectric constant, εri, and how it varies, k. Until now, bas-
ng on the above equations, quality factor of a multiphase ceramic
an be calculated. In the following, we write Eq. (9) in a different
orm, for clear data comparison.

Usually, the target is to modify the properties of the first mate-
ial, whose quality factor and dielectric constant are Q1 and εr1, so
e rewrite Eq. (9):

Q1

Q
)
k

=

n∑

i=1

Vi(
Q1
Qi

)
k
( εriεr1 )

k

n∑

i=1

Vi(
εri
εr1

)
k

(10)

If we define the relative quality factor RQ , RQ1i, and relative
ielectric constant ratio Rεri1 as following:

Q = Q1

Q
; (11)

Q1
Please cite this article in press as: H. Chen, et al., A novel formula f
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Q1i = Qi
; (12)

εr i1 = εri
εr1
. (13)
 PRESS
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Then we  can obtain the following equation:

RkQ =

n∑

i=1

ViR
k
Q1iR

k
εr i1

n∑

i=1

ViR
k
εr i1

. (14)

In other words, once parameters in Eqs. (12)–(13) and k are
determined, the quality factor of the multiphase mixture could
be calculated. In practice, most reports are actually mixing two
ceramics to form multiphase ceramics [7–13]. Even more than two
ceramics mixing can be calculated by the same rule. Thus we in
the following will give several examples of two-phase-ceramic sys-
tems, in the form of (1-V) A – V B. Then, with the dielectric constant
and quality factor of these two ceramics, Eq. (14) could be written
as:

(RQ )k =
1 − V + Rk

εr21
Rk
Q12
V

1 − V + Rk
ε
V

. (15)
or the quality factor calculation for the multiphase microwave
0.1016/j.jeurceramsoc.2017.04.006

Fig. 2. (a) The example of k value determination in (1-V)Mg0.95Zn0.05TiO3-
VCa0.6La0.8/3TiO3 (MZT-CLT): k = −1; k = 1 and k = 0.3. (b) The relative dielectric
constant  deviation of (1-V)Mg0.95Zn0.05TiO3-VCa0.6La0.8/3TiO3 (MZT-CLT) with dif-
ferent  k values: k = −1; k = 1 and k = 0.3.

dx.doi.org/10.1016/j.jeurceramsoc.2017.04.006
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Fig. 3. (a) The calculated (Cal) and reported (Meas) dielectric constant results of: 1. (1-V)ZnMoO4-VTiO2 (ZM-T), k = 0.08; 2. (1-V)BaTi4O9-VBaZn2Ti4O11 (BT-BZT), k = −5.5; 3.
( -T), k =
(  mola
d

T
s
Q
b
a
t

3

r
m
i
t
a
d
l
I

1-V)  BaNd2Ti4O12-VBaZn2Ti4O11 (BNT-BZT), k = −0.1; 4. (1-V)Li2ZnTi3O8-VTiO2 (LZT
MZT-CLT), k = 0.3; 7. (1-V)Mg2Ti0.95Sn0.05O4-VCaTiO3 (MTS-CT), k = 0.45 versus the
ielectric constant data and calculated data from Eq. (6).

herefore, we randomly set k = −1 and 1 to show the impact of k’s
ign and set k = 1 and 4 for example, to show the effect of k’s value on
. The quality factor ratio, RQ12, and dielectric constant ratio, Rεr21,
etween the two starting materials are randomly set as 5, 1, 1/5
nd 3, 1, 1/3 respectively to show how these parameters influence
he Q, in Fig. 1(a)–(c).

.  Results and discussion

Fig.  1(a) shows relative quality factor RQ versus quality factor
atio RQ12 and dielectric constant ratio Rεr21, versus the volume

olar ratio V, for k = −1. When RQ12 is higher than 1, RQ will
ncrease as the volume molar ratio increases. If Rεr21 is also higher
han 1, RQ shows a concave increase, meanwhile, it firstly shows
Please cite this article in press as: H. Chen, et al., A novel formula f
dielectric ceramic mixtures, J Eur Ceram Soc (2017), http://dx.doi.org/

 slow increase and then rapidly increases to 5, versus V. As Rεr21
ecreases, the concaveness of RQ becomes more inconspicuous to

inear. Until Rεr21 � 1, RQ will show a convex increase versus V.
f RQ21 = 1, the relative dielectric loss RQ will be unity, no matter
 −1.5; 5. (1-V)BiVO4-VTiO2 (BV-T), k = 1.8; 6. (1-V)Mg0.95Zn0.05TiO3-VCa0.6La0.8/3TiO3

r volume ratio. (b) The relative dielectric constant deviation between the reported

what  value Rεr21 is (n in Fig. 1 is 1/3, 1 or 3). These two situations
correspond to RQ ≥ 1. Otherwise, when RQ12 is smaller than 1, the
situation essentially is the same as RQ12 > 1 by exchanging tanı1 and
tanı2.

Fig.  1(b) shows relative dielectric loss RQ versus dielectric loss
ratio RQ12and dielectric constant ratio Rεr21, as the volume molar
ratio V changes, for k = 1. When RQ12 > 1, RQ will increase as the vol-
ume molar ratio increases. If Rεr21 is also larger than 1, RQ shows a
convex increase versus the V; as Rεr21 decreases to 1, RQ shows lin-
ear-like increase; when Rεr21 < 1, RQ will show a concave increase
versus the V. If RQ12 = 1, the relative dielectric loss RQ also equates
1, no matter what value Rεr21 is. These two situations are corre-
sponding to RQ ≥ 1. For the RQ < 1 part, RQ12 is smaller than 1 and
the situation essentially is the same as RQ12 > 1 by exchanging tanı1
or the quality factor calculation for the multiphase microwave
10.1016/j.jeurceramsoc.2017.04.006

and tanı2.
Fig.  1(c) shows relative dielectric loss RQ versus dielectric loss

ratio RQ12 and dielectric constant ratio Rεr21, as the volume molar
ratio V changes, for k = 4. All curves show similar trend as k = 1 while

dx.doi.org/10.1016/j.jeurceramsoc.2017.04.006
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Fig. 4. (a) The calculated (Cal) and reported (Meas) relative quality factor results of: 1. (1-V)ZnMoO4-VTiO2 (ZM-T), k = 0.08; 2. (1-V)BaTi4O9-VBaZn2Ti4O11 (BT-BZT), k = −5.5; 3.
( -T), k =
( olar 
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1-V)  BaNd2Ti4O12-VBaZn2Ti4O11 (BNT-BZT), k = −0.1; 4. (1-V)Li2ZnTi3O8-VTiO2 (LZT
MZT-CLT), k = 0.3; 7. (1-V)Mg2Ti0.95Sn0.05O4-VCaTiO3 (MTS-CT), k = 0.45 versus the m
actor data and calculated data from Eq. (15).

t exits some differences. When RQ12 > 1, RQ will increase as the
olume molar ratio increases. If Rεr21 is also larger than 1, RQ firstly
hows a rapid increase and then smoothly increase to 5, versus V; as
εr21 decreases to 1, RQ shows convex increase; when Rεr21 << 1„
.g. 1/3, RQ will show a concave increase versus V. If RQ12 = 1, the
elative dielectric loss RQ equates 1, no matter what value Rεr21 is.
or RQ < 1, in other words, RQ12 < 1, the situation essentially is the
ame as RQ21 > 1 by exchanging tanı1 and tanı2.

Though  some differences between Fig. 1(b) and (c) exist, their
arying trends are actually similar, while for Fig. 1(a) which pos-
esses a negative k value, it illustrates totally different variation
urve. For different sign of k, −1 and 1, when Rεr21 and RQ12 are the
ame, 3 and 5, if k is negative, the quality factor shows a concave
ncrease curve and if k is positive, it shows a convex increase trend.
Please cite this article in press as: H. Chen, et al., A novel formula f
dielectric ceramic mixtures, J Eur Ceram Soc (2017), http://dx.doi.org/1

or different value of k, 1 and 4, when Rεr21 and RQ12 are the same,
 and 5, if k is small, the quality factor shows a relative smooth

ncrease curve while if k is large, it firstly shows a rapid increase
nd then keeps nearly at a fixed value. Therefore, both the sign and
 −1.5; 5. (1-V)BiVO4-VTiO2 (BV-T), k = 1.8; 6. (1-V)Mg0.95Zn0.05TiO3-VCa0.6La0.8/3TiO3

volume ratio. (b) The relative quality factor deviation between the reported quality

absolute value of k impacts the way of how quality factor varies and
for a fixed k, the quality factor will be determined by the dielectric
constant and quality factor of the starting materials.

In the precedent discussion, the value of k is directly given, so in
the following the determination of k value of (1-V) Mg0.95Zn0.05TiO3
– V Ca0.6La0.8/3TiO3 will be shown as an example [12]. The relative
dielectric constant deviation, typically less than 10%, will be given
to confine the k value of a system:

Rεr−deviation = Rεr−calculated − Rεr−reported
Rεr−calculated

× 100%. (16)

As shown in Fig. 2(a), putting dielectric constant of two  starting
ceramics and random k values of −1 and 1 into Eq. (6), the devi-
ation is large in Fig. 2(b). Continuously adjusting k value to 0.3,
or the quality factor calculation for the multiphase microwave
0.1016/j.jeurceramsoc.2017.04.006

the Rεr−deviation of most data approaches near 0%. Then this k of 0.3
could be applied to Eq. (15) to calculate the quality factor of the
two-phase system. By the same way, k values of different groups
can be determined.

dx.doi.org/10.1016/j.jeurceramsoc.2017.04.006
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In the following, more examples will be given to show the effec-
iveness of Eq. (15) for the quality factor calculation. There are so

any reports on multiphase quality factor calculation and we  can-
ot figure them out one by one. The dielectric constant in the range
f 10–140 of 7 typical groups are shown as examples. These typical
roups are: MgTiO3, BaZn2Ti4O11, BaTi4O9, Ba6-3xLn8 + 2xTi18O54,
iO2, and CaTiO3 (Ln represents rare earth elements) et al. based
eramics [4–6,8,9,11–13].

In  most reports, only data of Qf values are given. We  assume
hat the samples’ dimension is stable in each report. From Ref. [17],
he resonant frequency is reversely related to the size of the cylin-
ers and dielectric constant. In order to precisely extract the Q

rom these data, we will take the dielectric constant into consid-
ration and assume a constant size of their samples, to calculate
he resonant frequency (f):

 ∝ 1√
εr

(17)

q. (17) actually treats other parameters as a constant for each
roup of material.

We  will firstly get the k values from the reported dielectric
onstant data according to Eq. (6). In Fig. 3(a), the results of calcu-
ated and reported dielectric constant data of 7 different groups are
hown. Most calculated data fit well to the reported data, with typ-
cal relative dielectric constant deviation around or less than ±5%
n Fig. 3(b). In Fig. 3(a), “Cal” means calculated data and “Meas”
quates the measured data in literatures [7–13].

Then applying these k values to Eq. (15), quality factor results of
 typical two-ceramic-mixtures will be depicted: 1. (1-V)ZnMoO4-
TiO2, k = 0.08; 2. (1-V)BaTi4O9-VBaZn2Ti4O11, k = −5.5; 3. (1-V)
aNd2Ti4O12-VBaZn2Ti4O11, k = −0.1; 4. (1-V)Li2ZnTi3O8-VTiO2,

 = −1.5; 5. (1-V)BiVO4-VTiO2, k = 1.8; 6. (1-V)Mg0.95Zn0.05TiO3-
Ca0.6La0.8/3TiO3, k = 0.3; 7. (1-V)Mg2Ti0.95Sn0.05O4-VCaTiO3,

 = 0.45 versus V [7–13]. In Fig. 4(a), “Cal” means calculated data
nd “Meas” equates the measured data in literatures. The relative
uality factor deviation, typically less than ±10%, will be given to
heck the k value of a system:

Q−deviation = RQ−calculated − RQ −reported
RQ−calculated

× 100%. (18)

The relative quality factor deviation data are shown in Fig. 4(b)
o confirm the effectiveness of Eq. (15).

In Fig. 4(a), the reported quality factor fits well with the calcula-
ion and in Fig. 4(b), the relative quality factor deviation is around
5%. In practice, once the relative quality factor of the multiphase

s determined, the quality factor could be obtained by Eq. (11).
s a result, with the properties of the two starting materials, we
an precisely predict the quality factor of the multiphase mixtures,
ithout considering the microstructures. In other words, from Eq.

15), if the ceramic mixtures are well sintered, what the change
f the microstructure actually influencing is the dielectric constant
7–13].

. Conclusions
Please cite this article in press as: H. Chen, et al., A novel formula f
dielectric ceramic mixtures, J Eur Ceram Soc (2017), http://dx.doi.org/

For the first time, in this paper, we derived a precise Q calculation
ormula for multiphase ceramic mixtures and the effectiveness the
ormula in the two-phase-ceramic mixtures has been confirmed. It
 PRESS
eramic Society xxx (2017) xxx–xxx

is found that the quality factor of mixtures is not only determined
by each component’s quality factor, but also related to the dielectric
constant and the k value.
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